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Abstract
This paper introduces the “odd–even invariant” of an oriented matroid. This is a nonnegative
integer associated with the oriented matroid which does not change upon reorientation of the oriented
matroid. As is shown here, it is also invariant under duality. Additional results are obtained, for
uniform oriented matroids.
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Consider an arrangement A = {H1, . . . , Hn} of hyperplanes through the origin in Rd .
The hyperplanes of the arrangement “cut up” Rd : the complement Rd \ (⋃ni=1 Hi) is the
union of d-dimensional open polyhedral cones emanating from the origin, the d-cells of
the arrangement. Any two distinct d-cells are separated by at least one of the hyperplanes
Hi . Fix a d-cell T0, to be called the base. Let a be the number of d-cells separated from the
base T0 by an even number of hyperplanes Hi (counting T0 among these), and b the number
separated from T0 by an odd number of hyperplanes. If the number n of hyperplanes is odd
then a = b, for in that case, the d-cell T is separated from the base by an odd number of
hyperplanes if and only if the opposite d-cell −T is separated from the base by an even
number of hyperplanes, so that there is a bijective correspondence, namely T → −T ,
between the two types of d-cells. We consider here what can be said about the difference,
a − b, when n is even.
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As an example, taking x , y, and z as coordinates in R3, consider the arrangement of
four hyperplanes given by the equations x = 0, y = 0, z = 0, and x + y + z = 0. Let the
base be the positive octant, where x, y, z > 0. In this case, a − b = 2.
Notice that the choice of the base d-cell T0 is almost irrelevant: for a different choice of
the base d-cell, we get the same pair of numbers, although the a and b may be switched.
Indeed, letting H +i denote one of the two halfspaces bounded by Hi (for 1 ≤ i ≤ n), and
letting A+ = {H +i : 1 ≤ i ≤ n}, we get the same two numbers (in some order) by letting
a be the number of d-cells contained in an even number of halfspaces of A+ and letting b
denote the number of d-cells contained in an odd number of the halfspaces.
We may consider this in the more general setting of arrangements of pseudohyperplanes.
Using the topological representation theorem for oriented matroids (see [1]), we may
formulate these ideas in terms of oriented matroids.
We fix the underlying set: E = E+ ∪ E−, where E+ and E− are the sets of symbols
E+ = {1+, 2+, . . . , n+}
and
E− = {1−, 2−, . . . , n−}.
We let ∗ denote the involution on E which switches i+ and i− (i = 1, . . . , n). Then for
x ∈ E , x∗ ∈ E , x∗ = x , and (x∗)∗ = x . For A ⊆ E , A∗ denotes the set {e∗ : e ∈ A}.
An oriented matroid on E is a triple O = (E, C ,∗), where C is a collection of nonempty
subsets of E , called circuits, and the following circuit axioms are satisfied:
(a) no circuit properly contains another;
(b) if C is a circuit then C∗ is a circuit and C ∩ C∗ = ∅; and
(c) if C and D are circuits, x ∈ C ∩ D∗, and C = D, then there is a circuit which is
contained in (C ∪ D) \ {x∗, x}.
According to the topological representation theorem, to each arrangement of
hyperplanes through the origin in Rd , and more generally to each arrangement of
pseudospheres, there corresponds an oriented matroid. The cell decomposition determined
by the arrangement can be retrieved from the oriented matroid; and indeed each oriented
matroid determines an arrangement of pseudospheres having that corresponding oriented
matroid.
Here we will need the following definitions and facts concerning oriented matroids.
A crosscut of O is a set A ⊆ E such that A ∩ A∗ = ∅ and A ∪ A∗ = E . (This should
not be confused with terminology in [7].) All crosscuts of O have cardinality n. A tope of
O is a crosscut T which contains no circuit. The topes of the oriented matroid correspond
to the d-cells of the corresponding arrangement.
A cocircuit is a minimal nonempty set D ⊆ E for which D ∩ D∗ = ∅ and such that, for
each circuit C of O, C ∩ D is empty if and only if C∗ ∩ D is empty. We denote the set of
cocircuits ofO by Ĉ. The collection of cocircuits of an oriented matroid satisfies the circuit
axioms, and Ô = (E, Ĉ ,∗) is the dual of the oriented matroid O. The dual of Ô is O.
A crosscut T is a tope if and only if T is the union of the cocircuits that it contains.
The collection of subsets of the tope T which can be represented as unions of cocircuits
(including ∅), partially ordered by reverse inclusion, is the Las Vergnas face lattice of the
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tope. Its Möbius invariant is (−1)r , where r is the rank of the oriented matroid. (See [1,2],
and [4].)
Lemma 1. If O is of rank r and T is a tope of O then∑
collections Γ of cocircuits
such that ∪Γ=T
(−1)|Γ | = (−1)r .
Proof. This follows immediately from the fact that the Möbius invariant of the Las Vergnas
face lattice is (−1)r and Proposition 1 of Section 5 of [7], taking for the lattice L of that
proposition the Las Vergnas face lattice and for the set R of the proposition, the set of
cocircuits. 
Define the signed odd–even invariant of O to be
soe(O) =
∑
T , a tope of O
(−1)|T∩E+|.
We define the odd–even invariant of O to be
oe(O) = |soe(O)|.
This value is not changed upon reorientation of the oriented matroid.
The crosscuts may be associated with the vertices of a cube in an obvious way. The
“cube graph” has as its vertices and edges those of the cube. Its vertices may be 2-colored
red and blue so that no two adjacent vertices have the same color. The set of topes is then a
subset of the set of vertices of the graph, and oe(O) is the absolute value of the difference
of the number of red topes and the number of blue topes.
Since T is a tope if and only if T ∗ is a tope, and |T ∩ E+| + |T ∗ ∩ E+| = n,
oe(O) = soe(O) = 0 when n is odd. Always, oe(O), as well as soe(O), is even.
2. The odd–even invariant of the dual
Our objective in this section is to prove the formula oe(Ô) = oe(O); and in fact
soe(Ô) = (−1)r soe(O), where r denotes the rank of O. Of course, if n is odd, both
sides in this equation have value zero. If n is even then, letting rˆ denote the rank of the dual
Ô, the above equation is equivalent to soe(O) = (−1)rˆ soe(Ô), since r + rˆ = n.
Theorem 1. For any oriented matroid O,
soe(Ô) = (−1)r soe(O),
where r is the rank of O.
Proof. We have
soe(Ô) =
∑
topes T of Ô
(−1)|T∩E+|
=
∑
crosscuts T
(−1)|T∩E+| −
∑
crosscuts T which contain
circuits of Ô
(−1)|T∩E+|.
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Since n > 0, the first term in the latter expression has value zero, so this is
=
∑
crosscuts T which contain
circuits of Ô
(−1)|T∩E+|−1.
This summation extends over the set of crosscuts T which contain some cocircuit. For
a cocircuit D, letting T (D) = {crosscuts T : T ⊇ D}, the sum extends over the union⋃
D, a cocircuit
T (D).
For a nonempty set Γ of cocircuits, we have⋂
D∈Γ
T (D) =
{
cocircuits T : T ⊇
⋃
D∈Γ
D
}
,
so, using the principle of inclusion and exclusion, we may express the result of the last
summation as∑
Γ , a nonempty
set of cocircuits
(−1)|Γ |−1
∑
T ⊇∪Γ
(−1)|T∩E+|−1.
Clearly
∑
T ⊇∪Γ (−1)|T∩E
+|−1 is zero if either
⋃
Γ contains both x and x∗ for some
x ∈ E or⋃Γ fails to contain either x or x∗, for some x ∈ E . Therefore this is∑
Γ , a nonempty collection of cocircuits
such that T =∪Γ is a crosscut
(−1)|Γ |−1(−1)|E+∩T |−1.
Noting that a set which is a crosscut and which has a representation as a union of cocircuits
is a tope of O, we may continue:
=
∑
topes T of O
(−1)|E+∩T |
∑
collections Γ of cocircuits
such that ∪Γ=T
(−1)|Γ |.
By Lemma 1, this is
= (−1)r
∑
topes T of O
(−1)|T∩E+| = (−1)r soe(O). 
In the case of uniform oriented matroids, this proof simplifies somewhat; in this case
the theorem follows immediately from the facts that
(a) a crosscut T ⊆ E is a tope of O if and only if it is not a tope of Ô, and
(b) the sum over all crosscuts T ⊆ E of (−1)|T∩E+| is 0.
3. The odd–even invariant of uniform oriented matroids
The Radon catalog of a uniform oriented matroid was introduced in [5] and further
studied in [6]. If the oriented matroidO is uniform, then oe(O) can be determined from its
Radon catalog, or from that of the dual, RÔ.
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A vector of an oriented matroid O is a set U ⊆ E such that U ∩ U∗ = ∅ which is a
union of circuits of O. Given a uniform oriented matroid O on E , RO is the polynomial
RO(x, y) =
∑
U
x |U∩E+|y|U∩E−|,
where the summation extends over nonempty vectors U of O.
Theorem 2. LetO be a uniform oriented matroid of rank r , and let RÔ(x, y) be the Radon
catalog of its dual. Then the coefficient of xn in the polynomial RÔ(−x, x) is soe(O).
Proof. If a + b = n, the coefficient of xa yb in RÔ(x, y) is the number of topes T of O
for which |T ∩ E+| = a and |T ∩ E−| = b. Clearly the coefficient of xn in RÔ(−x, x) is∑
(−1)|T ∩E+| = soe(O), where the sum extends over the topes T of O. 
Theorem 3. Let O be a uniform oriented matroid of rank r . Then the coefficient of xn in
RO(−x, x) is (−1)rsoe(O) (which is −soe(O), after Theorem 4 below).
Proof. This follows from the fact that soe(Ô) = (−1)r soe(O) (Theorem 1) and
Theorem 2. 
Theorem 4. If r is even or if n − r is even, and O is uniform, then soe(O) = 0.
Proof. By Theorem 3 of [5] the Radon catalog RO satisfies the identity
(1 + x + y)n RO
( −x
1 + x + y ,
−y
1 + x + y
)
= (−1)r+1 RO(x, y).
Substituting y = −x and noting that RO(x, y) = RO(y, x) yields
RO(−x, x) = (−1)r+1 RO(−x, x),
from which it is immediate using Theorem 3 above that for r even soe(O) = 0. It is now
clear that, in order for soe(O) to be nonzero, it is necessary that n be even, r odd, and
consequently, n − r odd. 
4. Alternating oriented matroids
The next theorem gives the odd–even invariants of the uniform alternating oriented
matroidsA(n, r). Recall that the alternating oriented matroidA(n, r) on the set E (having
2n elements) of rank r has as its circuits the sets {a0, a1, . . . , ar }, where ai is one of k+i ,
k−i , 1 ≤ k0 < k1 < · · · < kr ≤ n, and, for each i = 1, . . . , r , one of ai−1 and ai is in E+,
and the other is in E−. The topes of this oriented matroid are the sets {11, 22, . . . , nn },
where the signs i are such that the tope contains no circuit; that is, the sequence 12 . . . n
has fewer than r changes of sign.
Theorem 5. If n is even and r is odd then
soe(A(n, r)) = 2(−1) r−12
(
n
2 − 1
r−1
2
)
.
Otherwise, soe(A(n, r)) = 0.
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Proof. We have already seen that soe(A(n, r)) = 0 if n is odd or r is even, so here we
consider the remaining case, in which n is even and r is odd.
We have
soe(A(n, r)) =
∑
T
(−1)|T ∩E+|,
where the sum is over all sets T = T (12 . . . n) for which the sequence 12 . . . n has
at most r − 1 changes of sign. Note that the sets T for which this sequence has fewer than
r − 1 sign changes are the topes of A(n, r − 1); that is, it is soe(A(n, r − 1)). Since r − 1
is even, this is 0. Therefore we need only sum over the sets T = T (12 . . . n) for which
12 . . . n has exactly r − 1 sign changes.
We consider the problem of determining
S(k) =
∑
12...k
(−1)c(12...k),
where the sum is over all sequences 12 . . . k having exactly one sign change and
beginning with 1 = +, and where c(12 . . . k) is the number of +’s in the sequence.
It is easily seen that
S(k) =
{
0 if k is odd,
−1 otherwise.
Suppose d1, d2, . . . , d r+1
2
are positive integers such that
∑
di = n and consider∑
12...n
(−1)c(12...n),
where the sum is taken over sequences 12 . . . n such that:
(a) 1 = d1+1 = d1+d2+1 = · · · = d1+d2+···+d r−1
2
+1 = +, and
(b) there is exactly one sign change in the first d1 terms, as well as in the next d2 terms,
. . . , through the next-to-the-last d r−1
2
terms, and no sign change in the last d r+1
2
terms
(so that  j = + for j ≥ d1 + · · · + d r−1
2
+ 1).
It is easily seen that this summation yields S(d1)S(d2) · · · S(d r−1
2
)(−1)d r+12 . This will be
0 if any d j (1 ≤ j ≤ r−12 ) is odd. Otherwise, d r+12 is also even, since n is even, so that the
summation yields (−1) r−12 .
Next consider
∑
12...n
(−1)c(12...n) where we sum over the sequences 12 . . . n
such that 1 = + and having exactly r − 1 sign changes. This is∑
d1,...,d r+1
2
∑
12...n
(−1)c(12...n),
where the outside summation is over sequences of positive integers di summing to n (as
above) and the inside summation is over 12 . . . n satisfying (a) and (b). We see that this
double summation yields
(−1) r−12
(
n
2 − 1
r−1
2
)
,
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the binomial coefficient
(
n
2 −1
r−1
2
)
being the number of ways to choose even positive integers
d1, . . . , d r+1
2
whose sum is n.
Finally, summing over 12 . . . n such that 1 = − instead of + yields the same answer,
as can be seen by considering the effect of reversing all the +’s and −’s. This accounts for
the factor of 2. 
The expression of Theorem 4 gives the value of the odd–even invariant of any
neighborly uniform oriented matroid of rank r on E , since the Radon catalog of such
an oriented matroid coincides with that of A(n, r). (See Theorem 11 of [6].)
5. Notes
There are many open questions regarding the range of the odd–even invariant on various
classes of oriented matroids.
For O with n and r fixed, the set of numbers soe(O) is closed under multiplication
by −1 (since reversing the orientation of any element changes the sign), so it suffices to
consider the range of oe(O). What is the maximum value of oe(O) over such oriented
matroids? Does this change when we restrict attention to realizable oriented matroids?
Already in rank r = 2 (and allowing arbitrary n), oe may attain any nonnegative even
value, achieved by arrangements of lines with some lines doubled. The duals of such
arrangements provide examples in which the underlying matroids are simple.
For uniform oriented matroids (when n is even and r is odd), what is the maximum
value? The alternating oriented matroids do not in general provide the extremal values. Is
the maximum value achieved by a uniform oriented matroid which is realizable?
It is not difficult to show using results of [6] that oe(O) is congruent modulo 4 to the
value for the alternating oriented matroid (given by Theorem 5), when O is uniform.
In the case of realizable, uniform oriented matroids, knowledge of the maximum value
and the above congruence would determine the range, as can be seen by using the
fact (see [8]) that any two such oriented matroids can be connected by a sequence of
mutations.
The Radon catalog is defined in [5] only for oriented matroids which are uniform;
however, it may be reasonable to extend the definition to non-uniform oriented matroids,
using the same expression, given above at the beginning of Section 3. Then the first two
theorems of that section continue to hold in the non-uniform case, and yield a perhaps
interesting relation between the Radon catalogs of an oriented matroid and its dual.
While results of [6] yield all the linear relations between the coefficients of the two
polynomials when the oriented matroid is uniform, it is an open problem to determine the
complete family of linear relations in the unrestricted case. Also, noting that uniformity is
a restriction on the underlying matroid, perhaps further refinements can be obtained if the
Tutte polynomial of the underlying matroid is taken into account.
The odd–even invariants of graphical oriented matroids are certainly of interest. This
topic was the subject of the senior research project of Richard Eager, then a student at
Thomas Jefferson High School for Science and Technology in Alexandria, Virginia. Some
of his results were published in the school journal; see [3].
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